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Abstract: 
One of the challenges in assessing the variety, flexibility, and reconfigurability of 
manufacturing systems has been in determining objective and practical metrics which reflect 
those properties.  Degree of Freedom analysis has been used in the fields of mechanics for 
some time as a means of determining the independent directions of motion of a mechanical 
system. This paper seeks to address the need for an objective metric of 
flexibility/reconfigurability of manufacturing systems by developing of manufacturing degree 
of freedom measures.  An analogy with mechanical degrees of freedom is used to the 
structure the approach taken.  It is intended that such an approach to manufacturing degrees of 
freedom measurement will form part of a systematic approach to RMS design which will be 
described elsewhere(Farid & McFarlane 2006).   
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1. Introduction 
One of the challenges in assessing the variety, flexibility, and reconfigurability of 
manufacturing systems has been in determining objective and practical metrics which reflect 
those properties.  Degree of Freedom analysis has been used in the fields of mechanics for 
some time as a means of determining the independent directions of motion of a mechanical 
system (Shabana 1998). This paper seeks to address the need for an objective metric of 
flexibility/reconfigurability of manufacturing systems by developing a series of 
manufacturing degree of freedom measures.  An analogy with mechanical degrees of freedom 
is used to the structure the approach taken.  It is intended that such an approach to 
manufacturing degrees of freedom measurement will form part of a systematic approach to 
RMS design which will be described elsewhere (Farid & McFarlane 2006).   
 
This paper limits its discussion of manufacturing systems to shop floor activities.  In other 
words, a manufacturing system is a collection of transformation and transportation resources 
which use a control system composed of planning, scheduling, execution and continuous-time 
control functionality in order to realize the incremental production of the enterprise’s product 
line. This paper does not discuss manufacturing systems as high level business processes or as 
extended supply chains/networks. 
 
This paper divides itself into four parts.  In Section 2, the concept of mechanical degrees of 
freedom is reviewed and an analogy is drawn to production systems.  Section 3 develops the 
different types of production system degrees of freedom (DOF) relying on mechanical DOF 
to the structure the approach.  In Section 4, the calculation of production system DOF is 
illustrated in an example automated production system.  Finally, Section 5, discusses how 
degrees of freedom are typically lost in production systems. 

2. Background:  Mechanical DOF’s and a Production Analog 
 
The concept of degrees of freedom has been used extensively in many disciplines including 
statistics, statistical mechanics, and mechanics.  In this section, the concept of production 
system degrees of freedom is proposed.  To do this, first mechanical degrees of freedom is 
reviewed.  Then, a close analogy is drawn to between mechanical and production systems.  
Finally, the concept production system degrees of freedom is developed maintaining the 
analogy wherever possible. 

2.1. Mechanical Degrees of Freedom: A Review 
Mechanical degrees of freedom are defined as the set of independent generalized coordinates 
that completely define the location and orientation of each body in the system.  The number 
of degrees of freedom is given by (Shabana 1998): 

  mech d l cDOF n n n= −  (1) 
where nd is the number of spatial dimensions (usually 6), nl is the number of links, and nc is 
the number of holonomic constraints.  Holonomic constraints take the form  

 1 2( , ), ( , ), , ( , ) 0
cn

C t C t C t⎡ ⎤ =⎣ ⎦x x xK  (2) 

and are found by examining a virtual displacement as the result of an arbitrary infinitesimal 
change in system coordinates x=[x1...xn]T.  The constraints are said to be scleronomic if they 
are time independent and are said to be rheonomic if they are time dependent. 



 
While Equation (1) is the typical form for the calculation of mechanical degrees of freedom, it 
can be written more generally as: 

 ( )
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=

= −∑  (3) 

for each link i, ndi=nd and nc=∑i nci.  Furthermore, if the number of dimensions and constants 
per link, ndi and nci respectively, are replaced with a pure count of those dimensions and 
constraints, Equation (3) becomes: 
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In Section 3.3, the production system degrees of freedom will be shown to have this last form. 
 
Finally, a set of coordinates can be tested for their mutual independence (and therefore 
determined as the mechanical degrees of freedom) using a process called general coordinate 
system partitioning (Shabana 1998).  A similar test can be developed for production degrees 
of freedom. 

2.2. Mechanical and Manufacturing Systems: An Analogy 
Before considering manufacturing system degrees of freedom, one must differentiate some of 
the fundamental differences between mechanical and manufacturing systems.  In mechanics, 
the coordinates describe the time-evolution of a continuous state which results in motion.  In 
production, events describe event-based evolution of a discrete state which results in the 
incremental progression of production.  Cassandras & LaFortune ( 1999) have previously 
drawn this analogy between coordinates for time-driven systems and events for event-driven 
systems.  The state change in mechanics can be further classified as either rotational or 
translational.  Analogously, state changes in production are the result of transformation and 
transportation processes.  Finally, when analyzing multi-body mechanical systems, the 
number of coordinates is calculated based upon the number of combinations of dimensions 
and links (Shabana 1998).  For example, a fully free three link system will have 18 degrees of 
freedom:  6 dimensions for each of the three links.  Analogously, the events of a 
manufacturing system come from the feasible combinations of processes (transformation & 
transportation) and their associated machines.  Table 1 summarizes the analogy between 
mechanical and manufacturing systems. 
 
Mechanical Manufacturing 
State:  Continuous State: Discrete 
State Change: Leads to Motion State Change: Leads to Production 
State Evolution: Time Driven State Evolution: Event Driven 
Motion: Rotation & Translation Production: Transformation & Transportation 
Coordinates: Dimension & Link Events: Process & Machine 

Table 1:  Mechanical & Manufacturing System Analogy 

3. Developing Production Degrees of Freedom 
In this section, we develop an approach for determining degrees of freedom in a 
manufacturing context.  Using an elemental approach, we identify DOF’s associated with 
both transformation and transportation processes, then their combination as a production unit 
and finally the combination of units into a production line or other integrated configuration.   

3.1. Transformation Degrees of Freedom 
 



We begin by considering only the transformation activities in a production system, the 
analogy drawn in the previous section suggests that transformation degrees of freedom 
depends on two production system variables:  transformation processes and a transformation 
machines which can realize them. 
 

{ }1, , nP p pµ µ µ= K  -- A set of transformation processes.  A transformation process is a 

machine-independent, manufacturing process-independent process that transforms raw 
material or work-in-progress to a more final form.  Many transformation processes are 
already defined in parametric CAD software packages such as cutting, extrusion, assembly 
but must be further differentiated by physical constraints such as material size, hardness and 
tolerance. 
 

{ }1, nM m m= K -- A set of transforming machines.  Transforming machines are capable of 
realizing one or more transformation processes.  Those machines that realize many 
transformation processes are often called “flexible manufacturing systems (FMS)”.  If this set 
is empty, the production system degenerates to a distribution/ material-handling system. 
 
Continuing the analogy, an event (in the discrete-event system sense) (Cassandras & 
Lafortune 1999) 

i jm me Eµ µ∈  can be defined for each feasible combination of transformation 

process 
i

pµ and machine jm .  These feasible combinations can be captured succinctly in a 
single binary matrix JM of size s(PM) x s(M), where the s() operator gives the size of a set, and 
whose elements { }MJ (i,j) 0,1∈ are equal to one when event 

i jm
eµ exists.  The JM matrix is 

known as the transformation system knowledge base as defined in Axiomatic Design Theory 
for Large Flexible Systems (Suh 2001).  Having identified all the possible events in the 
system, it is necessary to specify a number of discrete holonomic constraints of the form: 

 ( )
cn

i m
i

c Eµ =∅U  (5) 

These constraints are said to be scleronomic as they act purely on the event set and are 
independent of event sequence.  Such constraints can arise from any phenomenon that 
reduces the capabilities of a production system i.e. tool or machine break down.  These 
discrete holonomic constraints can be captured succinctly in a single binary matrix MC of size 

( ) ( )s P s Mµ ×  whose elements { }( , ) 0,1MC i j ∈ are equal to one when a constraint eliminates 

event 
i jm
eµ !from the event set. 

 
The transformation degrees of freedom are defined collectively as the set of independent 
transformation events DME that completely define the available transformation processes in a 
production system.  Their number is given by: 

 ( ) ( )
( ) ( )
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M DM M M
i j

DOF s E J i j C i j= = −∑ ∑  (6) 

Intuitively, the transformation degrees of freedom measure the number of ways that all of the 
available transformation processes may be executed. 

3.2. Transportation Degrees of Freedom 
The transportation degrees of freedom can be derived similarly.  The set of transportation 
processes and transporting material handlers is introduced. 
 



{ }1,n nP p pη η= K -- A set of material handling processes.  A transportation processes phk is a 

material handler - independent process that transports raw material or work-in-progress from 
one machine mi to another mj, where ( )( -1)k s M i j= + .  By definition, there are s(M)2 
material handling processes in the production system.  Of these, s(M) are “null” or storage 
processes that maintain the product at a given machine. 
 

{ }1, , nH h h= … -- A set of transporting material handlers.  Material handlers are capable of 
realizing one or more transformation processes. 
 
Next, an event 

i jr re Eµ η∈ can be defined for each feasible combination of transportation 

process ipη  and production resource jr R M H∈ = ∪ .  Once again, these combinations are 

captured in the transportation system knowledge base.  HJ  is defined quantitatively as a 

binary matrix of size ( )  ( )s P x s Rη , whose elements { }( , ) 0,1HJ i j ∈  are equal to one when 

event 
i jr
eη exists. 

  
Having identified all the possible events in the transportation system, it is necessary to specify 
the systems discrete holonomic constraints:   

 ( )
cn

i r
i

c Eη =∅U  (7) 

These discrete holonomic constraints can be captured succinctly in a single binary matrix 

HC of size ( ) ( )s P s Hη ×  whose elements ( , ) {0,1}HC i j ∈  are equal to one when a constraint 

eliminates event 
i jr
eη  from the event set. 

 
The transportation degrees of freedom are defined collectively as the set of independent 
transformation events DHE that completely define the available transportation processes in a 
production system.  Their number is given by: 

 ( )
( ) ( )

( , ) ( , )
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H H H
i j

DOF J i j C i j= −∑ ∑  (8) 

Intuitively, the transportation degrees of freedom measure the number of ways that all of the 
available transformation processes may be executed. 

3.3. Production Degrees of Freedom 
The transportation and transformation degrees of freedom in a production system can be 
viewed together much like how the translational and rotational degrees of freedom were 
treated together in Section 2.2.  The behavior of a production system can be fully described 
by the language *  L E= where the * operator denotes the kleene-closure (Cassandras & 
Lafortune 1999) and the event set E is given by: 

 m rE E Eµ η= ∪  (9) 

The sets of transformation and transportation processes can be unified into a single set of 
production processes: 

 P P Pµ η= U  (10) 

The knowledge base of the entire production system is then given by: 
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and the production system holonomic constraints matrix becomes: 
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It follows that the production degrees of freedom is given by:

 
 ( )

( ) ( )

( , ) ( , )
s P s R

Man
i j

DOF J i j C i j= −∑∑  (13) 

3.4. Rheonomic Production Degrees of Freedom 
The previous two sections introduced production degrees of freedom as independent.  
Intuitively, however, one knows that transformation and transportation processes must 
alternate so that a product can be manufactured progressively on one machine than another.  
This phenomenon has its mechanical equivalent.  In mechanical systems, two links are 
connected by a joint which constrains the motion of both links by introducing dependencies 
between the coordinates of the multi-body system.  Similarly, a production system has 
constraints that introduce dependencies in the sequence of events.  
 
This section develops the concept of rheonomic production degrees of freedom.  Unlike 
scleronomic production degrees of freedom, rheonomic production degrees of freedom are 
concerned with the substrings of a production system (language) as opposed to just its events.  
More formally, they are defined collectively as the set of independent production strings 

DZ that completely describe the production system language.  In other words, the 
manfuacturing system language L can be described equally well in terms of the kleene closure 
of the scleronomic and rheonomic production degrees of freedom.   

 * *
D DL E Z= =  (14) 

That said, there exists an infinite number of strings z that are subsets of productions system 
language.  For mathematical tractability, only strings of length two are considered.   
 
In the calculation of scleronomic production degrees of freedom, the size of the event set was 
calculated, and then a number of constraints was found.  Their difference resulted in the 
number of scleronomic production degrees of freedom.  We proceed similarly here.   
 
Given string ij klz e eαβ = where ( )( -1)s P i kα = + and ( )( -1)s R j lβ = +  

, (1, ( ))i k s P∀ ∈ and , (1, ( ))j l s R∀ ∈ .  These feasible strings can be captured succinctly in a 

single binary matrix J ρ  of size 2 2( ) ( )s P s R× whose elements { }0,1Jρ ∈  are equal to one 

when string zαβ exists and can be calculated as:   

 ( , )J kron J Jρ =  (15) 

where kron() is the kronecker tensor product.   
 
Having identified all the possible strings of the system, it is necessary to define a number of 
discrete rheonomic holonomic constraints of the form: 
 

 ( )
1

cn

i
i

c Z
=

=∅U  (16) 

These discrete rheonomic holonomic constraints constraints can be captured succinctly in a 
single binary matrix Cρ  of size ( )2 2 ( )s P s R×  whose elements C ( , ) {0,1} ρ α β ∈ are equal 

to one when a constraint eliminates string ij klz =e eαβ  from the production system string set. 
 



It follows that the number of rheonomic production degrees of freedom is:   

 ( )
2 2( ) ( )

D
1 1

DOF =s(Z )= J ( , )-C ( , )
s P s R

i j
ρ ρ ρα β α β

= =
∑ ∑  (17) 

 
The rheonomic production degrees of freedom can be divided into four classes:   

1. Type I:  
i j k lm me eµ µ -- Two Successive Transformations 

2. Type II: 
i j k lm re eµ η -- Transformation followed by Transportation 

3. Type III: 
i j k lr me eη µ -- Transportation followed by Transformation 

4. Type IV: 
i j k lr re eη η -- Transportation followed by Transportation 

All four classes have perpetually existing constraints that set an upper bound on a maximally 
free production system.   
Type I (

i j k lm me eµ µ ):  When a transformation event follows another, the two events must be 

realized at the same machine.  In other words, given string 
i j k lm me eµ µ , the constraint j l=  

always applies.  This applies ( )2( ) ( ) 1s P s Mµ −  constraints and so a maximally free 
production system has a Type I upper bound of:   

 2( ) ( )IDOF s P s Mρ µ=  (18) 

instead of 2 2( ) ( )s P s Mµ  degrees of freedom.  

Type II ( )
i j k lm re eµ η :  When a transportation event follows a transformation event, the 

transportation event must begin at the machine at which the transformation process was 
realized.  In other words, given string 

i j k lm re eµ η , the constraint ( 1) / ( ) 1j k s M= − +  where 

“/” is integer division, always applies.  This applies ( )( )2( ) ( ) ( ) ( ) ( ) 1s P s M s M s H s Mµ + −  
constraints and so a maximally free production system has a Type II upper bound of  

  

 ( )2( ) ( ) ( ) ( )IIDOF s P s M s M s Hρ µ= +  (19) 
instead of ( )3( ) ( ) ( ) ( )s P s M s M s Hµ +  degrees of freedom.   

Type III  (
i j k lr me eη µ ):  Similarly, when a transformation event follows a transportation 

event, the transportation event must end at the machine at with the transformation process was 
realized.  In other words, given string 

i j k lr me eη µ , the constraint ( )mod ( 1), ( ) 1l i s M= − +  

always applies.  This applies ( )( )2( ) ( ) ( ) ( ) ( ) 1s P s M s M s H s Mµ + −  constraints and so a 
maximally free production system has a Type III upper bound of  

 ( )2( ) ( ) ( ) ( )IIIDOF s P s M s M s Hρ µ= +  (20) 

instead of ( )3( ) ( ) ( ) ( )s P s M s M s Hµ +  degrees of freedom.   

Type IV (
i j k lr re eη η ):  It is unlikely that two subsequent transformation processes would ever 

occur without the need for an intermediary process.  This would be contrary to the principle 
of minimizing non-value adding operations.  Nevertheless, for the sake of completeness, 
when a transportation event follows another, the latter must begin where the former ended.  In 
other words, given string 

i j k lr re eη η , the constraint ( )mod 1, ( ) ( 1) / ( )i s M k s M− = −  always 

applies.  This applies ( ) ( )23( ) ( ) ( ) ( ) 1s M s M s H s M+ −  constraints and so a maximally 
free production system has a Type IV upper bound of  

 ( )23( ) ( ) ( )IVDOF s M s M s Hρ = +  (21) 



instead of ( )24( ) ( ) ( )s M s M s H+  degrees of freedom.   

4. Example: DOF Analysis of an Automated Manufacturing System 
To illustrate this approach, the University of Cambridge Automation Laboratory is considered 
as an example.  The system assembles customized gift packs of a variety of consumer 
products.  A more complete description of the system can be found in (Thorne et al. 2003) 
and a schematic view of can be found in Figure 1. 

 
Figure 1:  Schematic View of Cambridge Auomation Laboratory 

This system has a single transformation process and hence PM={Assembly}.  While the 
assembly process can handle a number of different types of stock, the parameters that 
describe the assembly process: size and weight of stock item, location of stock, location of 
assembly are similar enough that only a single assembly process need be defined.  This 
assembly process can be done by either of two six-degree of freedom robots denoted Robot 1 
and Robot2.  M={Robot1, Robot2} and the transformation knowledge base is formed: 

 [ ]1 1MJ =  (22) 

Without any apparent constraints, it follows directly from Equation (6) MDOF =2 , which is 
consistent with two robots realizing a single transformation process. 
 
There are four material handling processes formed from the permutations of two robots.   

 

1 1

1 2

2 1

2 2

H

Robot Robot
Robot Robot

P
Robot Robot
Robot Robot

→⎧ ⎫
⎪ ⎪→⎪ ⎪= ⎨ ⎬→⎪ ⎪
⎪ ⎪→⎩ ⎭

 (23) 

These material handling processes can be carried out by a number of shuttles which for 
simplicity are limited to three.   H={Shuttle1, Shuttle2, Shuttle3} and the transportation 
knowledge base is constructed.   

 

1 0 0 0 0
0 0 1 1 1
0 0 1 1 1
0 1 0 0 0

HJ

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦  (24) 

The two null processes in the first and fourth rows can only be done by transforming 
machines.  The non-null handling processes are can be done by each of the three material 
handlers.  The transportation system is also unconstrained from  Equation (8) this results 
in: 8HDOF = . 
 



From these variables, Equations (13) yields the scleronomic production degrees of freedom.  
10ManDOF =   . 

 
The calculation of rheonomic production degrees of freedom requires the construction of the 
Cρ  matrix.  To do this, the constraints for the four classes of rheonomic production degrees 

of freedom must be quantified, given feasible string ij klz e eαβ = .   

 

( )( 1)
0

( , ) ( )( 1)
1

if s P i k
C and s R j l

otherwise

α
α β β

= − +⎧
⎪= = − +⎨
⎪⎩

 (25) 

Taking care to count negative elements as zero, the rheonomic production degrees of freedom 
for the system follows from Equation (17).  2 8 8 32 50DOFρ = + + + = .   
 
Further analysis shows that the 50 rheonomic degrees of freedom can be broken into two 
Type I DOF, eight Type II DOF, eight Type II DOF, and 32 Type IV DOF.  The two Type I 
DOF are expected from sequential production on the two robots respectively.  The eight Type 
II DOF come about because after an assembly process on either robot, four transportation 
degrees of freedom can be realized:  three to the other robot via the shuttles or a storage 
process by the robot.  The intuitive symmetry of transportation-transformation combinations 
is reflected in that the number of Type II DOF equals the number of Type III DOF.  Finally, 
the 32 Type IV production DOF intuitively arise from four transportation degrees of freedom 
(three shuttles and one storage) combining with the same four transportation degrees of 
freedom at either of the two robots.   

5. Causes for Loss of Degrees of Freedom 
In this section, some of the causes for the loss of production degrees of freedom are 
identified.  Generally, the loss of production degrees of freedom comes about by disabling a 
given production (transformation or transportation) process on a given resource (machine or 
material handler).  One can imagine two classes of constraints: one that affect the set of 
resources and the other that affect individual production processes.  As mentioned in Section 
3.1, the breakdown of a resource applies a set of constraints, one for each of its production 
processes.  These represent the first class of constraints.  For the second class, the nature of an 
arbitrary production process must be considered.  A (production) process is realized when a 
set of sub-functions are completed in a specific parallel and serial arrangement.  In the case of 
transformation processes, the sub-functions include a formation and a holding function which 
have their own associated execution, scheduling, and planning control functions.  In the case 
of transportation processes, the sub-function includes a movement and holding function 
which similarly have their own control functions.  The disabling of any of these sub-functions 
disturbs the arrangement and disables the entire production process. 
 
Inflexible Tooling & Fixturing:  Inflexible tooling and fixturing can disable certain 
transformation processes in exactly this way.  In the case of tooling, a given machine may 
have more than one tool to realize a set of transformation processes.  An FMS may realize 
more transformation processes than a mill which in turn realizes more than a drill press.  
Additionally, a given tool, as compared to another, may be able to realize more 
transformation processes because the former is better able to address a wide variety of 
physical constraints such as material size/geometry, stiffness/hardness, and tolerance.  This 
suggests that machines that can modularize their cache of tools can flexibly add or remove 
from the system's transformation degrees of freedom.  This practice, in fact, is common in 
job-shop machining centers where a wide variety of products require a similarly diverse set of 
transformation processes. 
 



Similarly, the fixturing on a given machine, or end-effector on a given material handler, may 
radically affect its ability to realize production processes.  Two production processes can be 
identical in every regard except that they require different fixtures to accommodate radically 
different product geometries.  Much like with tooling, this suggests that flexible fixturing can 
potentially increase the system's production degrees of freedom. 
 
Rigid Execution Control:  The system's execution control can also be viewed as a sub-
function of the transformation and transportation processes.  It acts as a supervisory controller 
which rejects strings from the manufacturing system langauge.  This can be in the form of 
scleronomic constraints which act directly on the event set.  Alternatively, the controller can 
impose rheonomic constraints by rejecting whole strings.  For example, in the Cambridge 
Automation Laboratory, one can easily conceive the execution code that requires all three 
assembly operations to be done by the same robot.  In other words, 

{ } { }1 1 1 1 1 1 1 2 1 2 1 2

* * * *
r m m m r r m m m rL e e e e e e e e e eη µ µ µ η η µ µ µ η= ∪ .  Calculating the production degrees of 

freedom in face of these multi-event rheonomic constraints remains an interesting avenue for 
future work. 
 
Rigid Scheduling:  Rigid scheduling imposes both scleronomic and rheonomic constraints 
similarly.  Over the scheduled period, it may be defined that only a given resource will realize 
a given production process.  This may be particularly limiting in the event of a resource 
breakdown. Considering the manufacturing system language from the previous section, 
giftboxes are scheduled to be assembled at two independent assembly stations.  Midway 
through packing, the second station fails and its products are not produced.  A reactive 
scheduler would allow for the products of Robot 2 to be diverted to Robot 1 albeit at reduced 
throughput. 
 
Rigid Technical Planning:  Rigid or “incomplete” technical planning imposes scleronomic 
constraints.  Often times, a product or its associated production processes are planned for the 
“best” resource; the resource that realizes the production process with highest quality in the 
fastest time.  Most process plans found in industry only state one machine type for each 
process.  There may exist other resources capable of realizing the production process albeit at 
reduced speed or quality.  Consider hypothetically that Robot 2 is an older make or Robot 1, 
and hence assembles considerably slower.  The process plan might state to only produce on 
the newer robot and so [ ]M MJ -C = 1 0 . 

6. Conclusions & Future Work 
This paper has proposed the concept of manufacturing system degrees of freedom drawing on 
a tight analogy to the same concept in mechanics.  Manufacturing system degrees of freedom 
was shown to arise from the number of feasible combinations of manufacturing 
(transformation and transportation) resources and production processes.  The constraints that 
reduced the number of feasible combinations was discussed intuitively in terms of the effects 
of material handling, inflexible tooling and fixturing, and rigid manufacturing control.  
Finally, the Cambridge Automation Laboratory was used as an illustrative example. 
 
The concept of manufacturing system degrees of freedom appears to have many application in 
the field of reconfigurable manufacturing systems.  Manufacturing system reconfigurations 
can be viewed as the enabling/disabling of existing and/or additional manufacturing system 
degrees of freedom.  Furthermore, reconfigurability, as the ability to rearrange manufacturing 
system components, seems to be directly related to the feasible sequences of degrees of 
freedom. 
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