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Abstract—In recent years, many design approaches have
been developed for automated manufacturing systems in the
fields of reconfigurable manufacturing systems (RMS), holonic
manufacturing systems (HMS), and multi-agent systems (MAS).
One of the principle reasons for these developments has been to
enhance the recongurability of a manufacturing system; allowing
it to readily adapt to changes over time. However, to date,
recongurability assessment has been limited. Hence, the efficacy
of these design approaches remains quantitatively inconclusive.
More recently, a systematic approach to reconfigurability measurement based upon the concepts of reconfiguration “potential”
and reconfiguration “ease” has been developed using axiomatic
design and design structure matrices respectively. The measures
of reconfiguration potential called production degrees of freedom
were specifically used to calculate production paths of a product
line through a reconfigurable manufacturing system. This paper
rearticulates the previous scalar-based calculation in terms of
a axiomatic design matrix-based development founded in graph
theory for three major benefits. First, this approach establishes
a link between the RMS literature and graph theory where path
enumeration has long been associated with network reliability and
resilience. Second, the approach bases its measures strictly on the
evolving system architecture variables in both function and form.
In so doing, it roots itself in the established engineering design
concept of the axiomatic design knowledge base for large flexible
systems. Finally, the formulaic expressions lend themselves to
significant computational savings.
Index Terms—reconfigurability, reconfiguration processes, reconfigurable manufacturing systems, holonic manufacturing systems, multi-agent systems, graph theory

I. I NTRODUCTION
In the 1990s, manufacturing became increasingly characterized by continually evolving and ever more competitive marketplaces. The effective implementation of lean manufacturing
principles, had freed excess capacity in many instances, and
thus gave consumers greater inuence over the quality, quantity
and variety of products [1], [2]. In order to stay competitive,
manufacturing firms had to respond with a high variety products of increasingly short product life cycle [3], [4]. These
dual requirements of mass-customisation and short product
life cycles cause a multi-dimensional engineering management
problem which enterprises have to find ways to address. One
particularly pertinent problem is the need to quickly and

incrementally adjust production capacity and capability. As the
continually growing variety of products are introduced, ramped
up, phased out, and finally made obsolete, shop floors have to
find efficient ways to reallocate the capabilities of production
resources to the product variants that need them most. The
realization of these incremental changes is not just a tooling
and fixturing setup problem. It also requires extensive change
in control code and production planning systems. The problem
is further exacerbated because investment into these production
systems is rationalized on the basis that they produce specific
products at a certain throughput to yield the desired return.
To fulfill the needs of enterprises with extensive automation,
reconfigurable manufacturing systems have been proposed as
a set of possible solutions [5]. They are defined as:
Definition I.1. Reconfigurable Manufacturing System [6]: [A
System] designed at the outset for rapid change in structure,
as well as in hardware and software components, in order to
quickly adjust production capacity and functionality within
a part family in response to sudden changes in market or
regulatory requirements.
Over the last decade, many technologies and design approaches have been developed to enable reconfigurability in
manufacturing systems [7] [8]. These have included modular
machine tools [9]–[14], distributed automation [15], [16],
multi-agent systems [17]–[19] and holonic manufacturing systems [2], [20]–[23]. While initial efforts to assess these design
approaches have been reported [24]–[27], numerous authors
have identied the need for a holistic recongurability measurement process [28]–[34]. Hence, it remains inconclusive
whether the resulting designs achieve their intended level of
reconfigurability. Furthermore, the absence of reconfigurability
measurement has prevented the use of iterative design processes that may gradually achieve optimal results. Instead, oneoff design approaches that do not build upon previous work
are often investigated.
This paper builds upon a previously developed integrated
reconfigurability measurement process [34]–[36] based upon
the complementary principles or reconfiguration potential [37],

[38], and reconfiguration ease [39]. It makes three specific
contributions. First, it rearticulates the previous scalar-based
calculation in terms of an axiomatic design matrix-based
development founded in graph theory. This establishes the
link between the RMS literature and graph theory where path
enumeration has long been associated with network reliability
and resilience. Second, the approach bases its measures strictly
on the evolving system architecture variables in both function
and form. In so doing, it roots itself in an established engineering design concept: the axiomatic design knowledge base
for large flexible systems. This facilitates the original purpose
of the measurement process, namely an iterative engineering
design process based upon quantitative assessment. Finally, the
formulaic expressions lend themselves to significant computational savings for straightforward implementation in a design
environment. The approach has previously been demonstrated
on reconfigurable transportation systems [40], [41] as a subset
of the more complex manufacturing problem.
The paper follows a six part discussion. Section II orients
the discussion in terms of the two foundations of the work:
graph theory and axiomatic design. Next, Section III continues
the background to recall the previously developed measures
of production degrees of freedom with new matrix-based
additions. Section IV then utilizes these measures to enumerate
production paths. The developments are then demonstrated
on an illustrative example in Section V. Finally, Section
VI concludes the work with a thorough discussion of the
utility of the developments. Prior to proceeding, this paper
restricts its discussion to the shop-floor activities of automated
manufacturing system as defined in Levels 0-3 of ISA-S95
[42]. Furthermore, it defines reconfigurability as
Definition I.2. Reconfigurability [35]: The ability to add,
remove and/or rearrange in a timely and cost-effective manner
the components and functions of a system which can result in
a desired set of alternate congurations.
II. BACKGROUND
This section summarizes the methodological developments
found in graph theory and axiomatic design in order to provide
a foundation for the description of production degrees of freedom in th next section. Section II-A gives a brief introduction
to graph theory while Section II-B introduces the application
of axiomatic design for large flexible systems to production
systems. Finally, Section II-C describes the key characteristics
of mechanical degrees of freedom upon which the work is
based.
A. Graph Theory Introduction
Graph theory is a long established field of mathematics with
applications in many fields of science and engineering where
artifacts are transported between physical locations [43]–[45].
A number of definitions from this field are introduced for later
in the development.
Definition II.1. A graph [44]: G = {V, E}, consists of a
collection of nodes V and a collection of edges E. Each edge

e 2 E is said to join two nodes which are called its end points.
If e joins v1 , v2 2 V , we write e = hv1 , v2 i. Nodes v1 and
v2 , in this case, are said to be adjacent. Edge e is said to be
incident with nodes v1 and v2 respectively.
Definition II.2. A directed graph (digraph) [44]: D, consists
of a collection of nodes V and a collection of arcs A, for
which D = V, A. Each arc a = hv1 , v2 i is said to join node
v1 2 V to another (not necessarily distinct) node v2 . Vertex
v1 is called the tail of a, whereas v2 is its head.
Definition II.3. Adjacency matrix [44]: A, is binary and of
size (V ) ⇥ (V ) and its elements are given by
⇢
1 if hvi , vj i exists
A(i, j) =
(1)
0 otherwise

where the operator () gives the size of a set. Interestingly,
AN (i, j) represents the number of n-step paths between an
origin i and destination j [43].
Definition II.4. Incidence matrix [44]: M of size (V )⇥ (A)
is given by:
8
< 1 if vertex vi is the head of arc aj
1
if vertex vi is the tail of arc aj
M (i, j) =
(2)
:
0
otherwise
While graph theory for decades has presented a useful
abstraction across many fields including the related field of
transportation, it has limitations from an engineering design
and systems engineering perspective [46]. The main challenge
is finding robust approaches to linking nodes and arcs to
physical variables [43]. In the context of this work, the above
definitions focus on the abstract form of the system, and less
so the production functions. Furthermore, how the function
is realized into form variables is not explicitly stated. Unless
generalized, such graph theoretic approaches are likely to have
limitations in production systems of heterogeneous function
and form. Furthermore, because the system function and its
realizing form have been abstracted away, such approaches
may not straightforwardly lend themselves to active control
solutions that implement reconfigurable manufacturing system
architectures.
B. Axiomatic Design for Large Flexible Systems
In contrast, axiomatic design of large flexible systems
provides a natural engineering design description of production
systems. Suh [47] defines large flexible systems as systems
with many functional requirements that not only evolve over
time, but also can be fulfilled by one or more design parameters
[47]. In production systems, the high level design parameters
are taken as the set of production resources. DP={Production
resources}. These resources R = M [ B [ H may be
classified into value adding machines M = {m1 . . . m (M ) },
independent buffers B = {b1 . . . b (B) }, and material handlers
H = {h1 . . . h (H) }. The set of buffers BS = M [ B
is also introduced for later simplicity. Similarly, the high
level functional requirements are taken as a set of production
processes. FR={Production Processes}. These are formally

classified into their transformation and transportation varieties
P = Pµ [ P⌘ , and defined as:

Definition II.5. Transformation Process [37]: A machineindependent, manufacturing technology-independent process
pµj 2 Pµ = {pµj . . . pµ (Pµ ) } that transforms raw material
or work-in-progress to a more final form.
Definition II.6. Transportation Process [37]: A materialhandler - independent process p⌘u 2 P⌘ = {p⌘u . . . p⌘ (P⌘ ) }
that transports raw material, work-in-progress, or final goods
from buffer bsy1 to bsy2 . There are 2 (BS ) such processes
of which (BS ) are “null” processes where no motion occurs.
Furthermore, the convention of indices u = (BS )(y1 1)+y2
is adopted.
Given that this work finds later application in engineering
design, these production processes and resources may be
related through the use of the axiomatic design equation for
large flexible systems [47]. In the case of production systems
with a physically allocated [15] distributed control system:
P = JS

(3)

R

where JS is a binary matrix called a “knowledge base”, and
is “matrix boolean multiplication” [37]. In other words,
the production system knowledge base itself forms a bipartite graph [44] which maps the set of production processes
to production resources. Production systems with centralized
controllers have been previously addressed [37].
C. Mechanical & Production Systems: An Analogy
Finally, the notion of production degrees of freedom (DOF)
is based upon a strong analogy to mechanical systems which
has been previously drawn elsewhere and is summarized in
Table I.
Table I: Mechanical & Production System Analogy [37]
State:
State Change:
State Evolution:
Function:
Coordinates:

Mechanical
Continuous
Leads to Motion
Time Driven
Rotation,Translation
Dimension & Link

Production
Discrete
Leads to Production
Event Driven
Transformation,Transportation
Process & Resource

The importance of the degree of freedom analogy is
fundamental. In mechanical systems, DOFs form the basis
vector upon which the entire system behavior is described and
evolves. Here, the production DOFs serve the same purpose
but given their discrete nature also allow for a complete
description of the variables of a system’s architecture. From
the reconfigurability definition, reconfiguration potential can
be interpreted in two ways: 1.) the ability of a system to
simultaneously hold multiple desired configurations 2.) the
ability of a system to change to a desired set of alternate
congurations. In either case, a DOF approach appears as a
suitable starting point for a reconfiguration potential measure.
Such a number would indicate the systems multiple configurations. It would also change as the system underwent successive
reconfigurations. In summary, a DOF approach is suitable for
measuring reconfiguration potential because it describes the

elements of a system and how they may be combined into
numerous productive configurations [37].
III. P RODUCTION D EGREES OF F REEDOM
This section continues the background to recall the previously developed measures of production degrees of freedom
[37]. Along the way, matrix-based developments are introduced
to replace scalar-based work [38]. Given the abstract nature of
the mathematical treatment, the interested reader is referred
to prior work for illustrative examples and case studies [34],
[37], [38]. The discussion proceeds in two parts. Sequence
independent production degrees of freedom are first introduced
followed by sequence dependent measures.
A. Sequence-Indepedent Production Degrees of Freedom
The heart of the production degrees of freedom concept
rests in the realization that an event ewv 2 E (in the discreteevent system sense) [48] can be defined for each feasible combination of production process pw and resource rv . Later on,
reconfigurations can add or remove these events or potentially
reallocate a process to a resource.
Definition III.1. Production System Knowledge Base [37]:
A binary matrix JS of size (P ) ⇥ (R) whose element
JS (w, v) 2 {0, 1} is equal to one when event ewv exists.
The development of production degrees of freedom continues with the introduction of a number constraints as is found
in mechanical degrees of freedom. Here, the constraints are
discrete and can apply in the operational time frame so as to
eliminate events from the event set. These constraints are said
to be scleronomic as they are independent of event sequence.
Such constraints can arise from any phenomenon that reduces
the capabilities of a production system e.g. resource breakdowns, inflexibly implemented production processes and their
control.

Definition III.2. Production System Scleronomic Constraints
Matrix [37]: A binary matrix KS of size (P ) ⇥ (R) whose
element KS (w, v) 2 {0, 1} is equal to one when a constraint
eliminates event ewv from the event set.
From these definitions of JS and KS , follows the definition
of sequence-indepedent production degrees of freedom.
Definition III.3. Sequence-Independent Production Degrees of
Freedom [37]: The set of independent production events ES
that completely defines the available production processes in
a production system. Their number is given by:
DOFS = (ES ) =

(P ) (R)
X
X
w

[JS

KS ] (w, v)

(4)

v

where A B operation is “boolean subtraction”. Alternatively, A B is equivalent to A · B̄. Note that the boolean
“AND” · is equivalent to the hadamard product, and B̄ =
not(B). In matrix form, Equation 4 can be rewritten in terms
of the Frobenius inner product [49].
DOFS = hJS , K̄S iF = tr(JST K̄S )

(5)

These sequence-independent production degrees of freedom
may also be classified into their transformational (DOFM ) and
transportational (DOFH ) variants as shown in Table II. In this
case, it follows that [37]:

JM
|
0
JS =
(6)
JH̄

KM
|
1
KS =
(7)
KH̄
Table II: Types of Sequence-Independent Production Degree
of Freedom Measures [37].
Measure Process
Element
DOFM pµj
DOFH p⌘u
DOFH̄ P %
DOFS pw

Resource
Element
mk
rv
rv
rv

Knowledge
Base
JM
JH
JH̄
JS

Constraint
Matrix
KM
KH
KH̄
KS

Measure
Function
hJM , K̄M iF
hJH , K̄H iF
hJH , K̄H iF
hJS , K̄S iF

One notable difference is the measure for refined transportation degrees of freedom DOFH̄ which distinguishes events in
the transportation system on the basis of the holding processes
of each resource’s fixture or end-effector.
Definition III.4. Holding Process [37]:A material-handler and
end-effector-independent process p'g that holds raw material,
work-in-progress, or final products during the transportation
from one buffer to another.
In this case, a knowledge base J' and constraint matrix
K' of size (P' ) ⇥ (R) are constructed to capture the
holding capabilities of the production system. Then, the refined
scleronomic transportation knowledge base JH̄ and constraints
matrix KH̄ are formed using the kronecker tensor product and
column selection.
h
i h
i
JH̄ = J' ⌦ 1 (P⌘ ) · 1 (P' ⌦ JH̄
h
i h
i
(8)
KH̄ = K' ⌦ 1 (P⌘ ) · 1 (P' ⌦ KH̄
where ⌦ is the Kronecker tensor product and 1n is a ones
vector of length n.
Intuitively, the sequence-independent production degree of
freedom measure the number of ways that all of the variable
transformation processes may be executed. They provide a
flexible expression of production system capabilities in the
design and operational phases. From an axiomatic design
perspective, the usage of knowledge bases facilitates further
detailed engineering design. The constraints matrix captures
the potential for resource breakdowns and inflexibly implemented processes either physically or informatically in associated control structures. Additionally, from a graph theory
perspective, the knowledge base forms a bipartite graph which
may experience edge elimination during operation. Finally, the
mathematical form of the production DOF measures match the
form of the mechanical DOF measures. The conceptual ties to
graph theory and mechanical degrees of freedom suggest that
useful results from these fields can potentially be applied to
production systems for the first time [37].

B. Sequence Dependent Production Degrees of Freedom
The previous subsection recalled the development of production degrees of freedom as sequence independent. A production system, however, has constraints that introduce dependencies in the sequence of events. A new measure is required
for the sequence dependent capabilities of the production
system [37].
Definition III.5. Sequence Dependent Production Degrees of
Freedom [37]: The set of independent production strings Z
of length 2 that completely describe the production system
language.
In other words, the production system language L can be
described equally well in terms of the Kleene closure [48] of
the sequence-independent and sequence-dependent production
degrees of freedom.
L = E⇤ = Z⇤

(9)

The calculation of sequence dependent production degrees of
freedom closely follows the approach in the previous section.
The strings z 1 2 = ew1 v1 ew2 v2 2 Z can be captured
succinctly in a rheonomic (i.e sequence-dependent) production
system knowledge base.
Definition III.6. Rheonomic production system knowledge
base: A square binary matrix J⇢ of size (P ) (R)⇥ (P ) (R)
whose element J( 1 , 2 ) 2 {0, 1} are equal to one when
string z%, exists. It may be calculated directly as
⇥
⇤V ⇥
⇤V T
J⇢ = JS · K̄S
JS · K̄S

(10)

where the AV operation is shorthand for vectorization vec()
commonly implemented in MATLAB with the (:) operator
[37]. Here, the scleronomic production degrees of freedom are
explicitly treated as a basis vector – as would typically be done
with mechanical degrees of freedom. Interestingly, the J⇢ also
strongly resembles an adjacency matrix where the degrees of
freedom are treated as mutually connected nodes.
The development proceeds with the introduction of rheonomic constraints.
Definition III.7. Rheonomic Production Constraints Matrix
K⇢ : a square binary constraints matrix of size (P ) (R) ⇥
(P ) (R) whose elements K( 1 , 2 ) 2 {0, 1} are equal to
one when string z 1 2 is eliminated.
Unlike its scleronomic counterpart, the rheonomic production constraints matrix has the perpetually binding constraints
described in Table III. These ensure that the origin and
destination of consecutive events match. Accurately keeping
track of these constraints simultaneously is challenging. The
final calculation of these minimal constraints is most easily implemented in a scalar fashion using FOR loops while adhering
to the following relationships of indices. = (P )(v 1)+w.
v = k 8k = [1 . . . (M )]. w = [ (P⌘ )(g 1) + u] + j.

Table III: Types of Sequence-DependentProduction Degree of Freedom Measures [37].

Type

Measures

Processes

Resources

Knowledge Base

I
II
III
IV
ALL

DOFM M ⇢
DOFM H⇢
DOFHM ⇢
DOFHH⇢
DOF⇢

Pµ Pµ
Pµ P⌘
P⌘ Pµ
P⌘ P⌘
PP

M, M
M, R
R, M
R, R
R, R

JM M ⇢ = JM ⌦ JM
JM H⇢ = JM ⌦ JH
JHM ⇢ = JH ⌦ JM
JHH⇢ = JH ⌦ JH
J⇢ = JS ⌦ JS

It follows that the number of sequence-dependent production degrees of freedom is:
DOF⇢ = (Z) =

(ES ) (ES )
X
X
1

[J⇢

K⇢ ](

1,

2)

(11)

2

As with scleronomic production degrees of freedom, rheonomic production degrees of freedom may be classified in
terms of their transformational and transportational variants.
The calculation of the four types of measures is summarized in
Table III [37] and maintains an intuitive symmetry. In practice,
the formation of the associated constraints matrices KM M ⇢ ,
KM H⇢ , KHM ⇢ ,KHH⇢ is an extra computational expense if
K⇢ has already been formed. Instead, the associated rheonomic
production degree of freedom measures can be calculated by
the appropriate replacement of JM or JH̄ with a zero matrix
in Equation 6.
C. Summary of Production Degrees of Freedom
The need for these variants arises from two specific characteristics of production systems. First, transformation and
transportation activities have intrinsically different values in
production and therefore have to be distinguished. While the
conventional wisdom is to maximize “value-adding” processes
in production, this work shows that excessive elimination of
transportation processes can cripple the transformation capabilities of the production system as a whole. Next, products impose particular sequences of production. Therefore, production
system capabilities need to be considered not just as a loose
collection of transformations and transportations but also as
integrated sequences. These two differences account for the six
elemental production DOF types and their two combinations
[37].
The production degree of freedom measures provide a quantitative description of “reconfiguration potential” because they
describe a system’s capabilities and how it can be changed.
Generally speaking, a reconfiguration process can be classified
as: changes in the production resources, their processes or their
combinations. Mathematically, production degrees of freedom
would describe such a reconfiguration as [36], [37]:
(JS , KS , K⇢ ) ! (JS0 , KS0 , K⇢0 )

(12)

IV. P RODUCT D EGREES OF F REEDOM
While it is important to quantify a production system’s
capabilities, it is even more important to assess how well these
capabilities are matched to the current product line – especially
if that product line is in flux due to mass-customization and
short product life cycles. On this basis, one can decide if

Constraint
Matrix
KM M ⇢
KM H⇢
KHM ⇢
KHH⇢
K⇢

Perpetual Constraint

Measure Function

K1 = K2
k1 1 = (u1 1)/ (BS )
k1 1 = (u1 1)& (BS )
(u1 1)% (BS ) = (u2 1)/ (BS )

hJM M ⇢ , K̄M M ⇢ iF
hJM H⇢ , K̄M H⇢ iF
hJHM ⇢ , K̄HM ⇢ iF
hJHM ⇢ , K̄HM ⇢ iF
hJHM ⇢ , K̄HM ⇢ iF

the production system requires the elimination or addition
of production degrees of freedom. This sections builds upon
the effort of the previous section to develop product degree
of freedom measures. These measures address how well the
current product line utilizes the existing production system
capabilities and the number of ways that each product may be
produced. To begin, the product line is simplistically modeled
so that sequence-independent and sequence-dependent product
degree of freedom measures may be developed later.
A. Product Modeling
Before a treatment of product degrees of freedom can
be initiated, a systematic approach to describing products is
required. Many product modeling approaches have been developed previously [50]. However, this treatment has a number of
clear requirements not previously found in other approaches.
Specically, the modeling approach has to be simultaneously
comprehensive and minimalistic. A comprehensive approach
would not limit the broad scope developed in the previous
section. At the same time, the approach must be minimalistic
so as to extract only the aspects of products most salient to
production degrees of freedom. Such aspects include a description conducive to discrete events, transformation processes and
holding processes. Finally, the approach must be quantitative to
support the ultimate objective of developing a recongurability
measure.
One prominent class of products are those that do not
require assembly operations and whose production may be
described as a fixed sequence. A given enterprise may have
a whole product line L = {l1 , . . . , l (L) }. Each product li has
its associated set of product events exli 2 Eli which when all
are completed result in a fully manufactured product.
Definition IV.1. Product Event [38]: A specific transformation
process that may be applied to a given product.
A fixed sequence non-assembled product has a unique
sequence [38]:
zl i = e x 1 l i e x 2 l i . . . e x

(El ) li
i

(13)

which describes the full production of the product. This string
is sufficient to represent a non-assembled product with no
disjoining processes.
B. Sequence-Independent Product Degrees of Freedom
Product modeling facilitates the discussion of product degrees of freedom. Here, the interest is in determining how well
the production system’s capabilities match the requirements of

the full product line. The sequence-indepdent product degrees
of freedom are much like their production counterparts and
have their transformation and transportation variants. Intuitively speaking, the method of calculation utilizes a product
transformation and transportation feasibility matrices that link
product events to their corresponding processes and the associated degrees of freedom are selected out of the available
event set. Product transformation and transportation feasibility
is defined before presenting the method of calculation.

transformation or transportation) or at the scale of a single
product event, a product, or the whole product line. Table
IV summarizes the definition and formulation of the multiple
types of product selector matrices.
From these definitions, it is straightforward to assess the
number of product transformation and transportation degrees
of freedom.

1) Product Transformation Feasibility:
Definition IV.2. Product Transformation Degrees of Freedom
[38]: The set of independent production events ELM that
completely define the available combinations of transformation
process and machine that are required by the production of the
product line.
A measure of product transformation degrees of freedom
gives a sense of how well production capabilities are utilized.
It encourages resources to be decommissioned due to non-use,
new products to be added for greater return on investment,
or even new processes to be added to eliminate product
infeasibility. The key to their development is to link each
product event (in each product i) to a unique production
process with a binary map.
Definition IV.3. Product Transformation Feasibility Matrix
⇤µi [38]: A binary matrix of size (Eli ) ⇥ (Pµ ) whose value
⇤µi (x, j) = 1 if exli realizes transformation process pµj .
2) Product Transportation Feasibility: Product transportation degrees of freedom is addressed similarly.
Definition IV.4. Product Transportation Degrees of Freedom:
The set of independent product events ELH that completely
define the available combinations of transportation process and
machine that can be utilized in the production of the product
line.
One notable difference, however, is that products do not
intrinsically require transportation processes. Transportation in
production systems only occurs because of the inability of a
given machine to realize all of the products events. Nevertheless, a product transportation degree of freedom measure is required to assess a product lines utilization of the transportation
systems capabilities. In such a way, it encourages a thoughtful
rationalization of each transportation resource. Similarly to the
previous subsection, feasibility is addressed with a binary map.
Definition IV.5. Product Transportation Feasibility Matrix ⇤ i
[38]: A binary row vector of size 1 ⇥ (P ) whose value
⇤ i (g) = 1 if product li can be held by holding process p g .
3) Degree of Freedom Calculation: The transformation and
transportation variants of the product feasibility matrices can
be used to produce a number of “selector” matrices that are
in equal in size to their corresponding scleronomic production
knowledge base. Which one is used depends on the user’s
scope of interest be it the type of production process (e.g.

DOFLM = h⇤M L · JM , K̄M iF

(14)

DOFLH = h⇤HL · JH̄ , K̄H̄ iF

(15)

This intuitive form of product degrees of freedom shows that
the product line effectively selects out the production degrees
of freedom provided by the production system. The former is
ultimately a subset of the latter as a product naturally restricts
the scope of a production system [38].
Table IV: Types of Product Selector Matrices
Symbol Formula
⇥ T
⇤T
⇤M xi
ex ⇤µi 1
⇤M i

⇤M L
⇤Hi
⇤Hi
⇤Sxi
⇤SM xi
⇤Si
⇤SHi
⇤SL

2
4
2
4
h

3T

(EL )

_

⇤µi 51

x

(L) (EL )
_
_
x

i

Scope
Product Event – Transformation

(M )T

3T

⇤µi 51

|
⇤Hi

⇤M xi



|
0

⇤M i

|
⇤Hi



⇤M L



Product – Transportation
(R)T

Product – Transportation

i

⇤M xi



Product Line – Transformation

(M )T

iT
⇤ i ⌦ 1 (P⌘ )T 1 (R)T
22
3
3T
(L)
_
44
⇤ i 5 ⌦ 1 (P⌘ )T 51


Product – Transformation

(M )T

0

0

0

|
⇤Hi

Product Event – Transformation
0

0
|

⇤HL

Product Event – Transformation & Transportation

Product – Transformation
& Transportation
Product – Transportation

0

Product Line – Transformation & Transportation

C. Production Path Enumeration: Rheonomic Product Degrees
of Freedom
Given the foundation set from the previous sections, the
enumeration of production paths may be viewed as the calculation of rheonomic product degrees of freedom.
Definition IV.6. Rheonomic Product Degrees of Freedom [38]:
The set of independent product strings ZL that completely
define all the ways that the product line may be produced.
Such a measure is important because it not only identifies
the numerous production paths for a product, but it could also
highlight which capabilities are required to make the product’s
production feasible.
The first step in the development is the translation of
the product event string to an equivalent string composed of
production degrees of freedom. Therefore, the string zli =

e1li , . . . , e (Eli )l1 can be translated into an equivalent string
in transformation and transportation degrees of freedom are
alternated [38]:
z=

eµj1 mk1 [e g1 rv1 e⌘u1 rv1 ]eµj2 mk2
[e g2 rv2 e⌘u2 rv2 ] . . . eµj (E ) mk (E
li

(16)
li )

This string encompasses the string z = eµj1 mk1 eµj2 mk2 . . .
eµj (E ) mk (E ) because the holding-transportation event pair
li
li
can occur at the value-adding machine that realizes the prior
and subsequent transformations. In this case, the pair of
events act as null processes/events. Therefore, two rheonomic
knowledge bases can be formed following Equation 10. The
first represents the Type II rheonomic production degree of
freedom from product event ex1 while the second represents
the Type III DOF to product event ex2 .
⇥
⇤V ⇥
⇤V T
JM Hx1 ⇢ = ⇤SM x1 · JSM · K̄S M
⇤SH · JSH · K̄S H
(17)
⇥
⇤V ⇥
⇤V T
JHM x2 ⇢ = ⇤SH · JSH · K̄S H
⇤SM x2 · JSM · K̄S M
(18)
The rest of the formulation relies on the simple graph
theory result that an adjacency matrix raised to the nth -power
can be used to calculate the number of n-step paths within a
network. Taking into the rheonomic constraints matrices, the
two rheonomic knowledge bases already represent adjacency
matrices. They can then be multiplied together to give the paths
between two product events.
⇥
⇤⇥
⇤
A⇢x = JM H⇢x · K̄⇢ JHM ⇢x+1 · K̄⇢
(19)
This adjacency matrix can then be raised to the (Eli ) 1
power to account for the full product string. The final number
of production paths is the sum of the elements of the resulting
matrix.
2
3
(ES ) (ES )
(El ) 1
X
X
Y
4
DOFP =
A⇢x 5 ( 1 , 2 )
(20)
1

2

x

V. I LLUSTRATIVE E XAMPLE

As has been demonstrated in prior work, the “Starling Manufacturing System” is chosen as an illustrative example with
two modifications [34], [37], [38]. Otherwise, the associated
data remains unchanged. The assembly station has been replaced with lamination and only one shuttle transports products
to various machines. Figure 1 shows the chosen configuration.
For simplicity, the product line is taken as a single green bird
feeder composed of a single cylinder that requires turning,
lamination and painting. The associated product transformation
T
feasibility matrix is ⇤µ1 = [e1 e2 e3 e4 e7 ]] where en is an
elementary row vector of appropriate size.
The degree of freedom measures follow straightforwardly.
The scleronomic DOF measures in Table II evaluate to:
DOFM = 10, DOFH = 16, DOFH̄ = 19, DOFS = 29.
Of these DOFs, 8 and 16 can be used by the product for the
DOFLM and DOFLH measures. The rheonomic DOF measures in Table III evaluate to: DOFM M ⇢ = 28, DOFM H⇢ =

����������

Fig. 1: Starling Manufacturing System Configuration
33, DOFHM ⇢ = 32, DOFHH⇢ = 62, DOF⇢ = 155. These
lead to DOFP = 4 production paths which can be verified
visually.
From a computational perspective, the most taxing activity
was the generation of K⇢ which took approximately 3 seconds. Otherwise, all of the measures were straightforwardly
calculated in fractions of a second on a 2.8GHz process. This
represents a significant improvement over a previous method
in which an assembled product with 16 events executed in 120
seconds on a 2GHz process [38]. While these figures can not be
directly compared because of their applicability (i.e. assembled
vs non-assembled products) and size (5 vs 16 product events),
the initial evidence suggests significant computational savings.
The ease of these calculations facilitates their adoption in more
advanced applications.
VI. D ISCUSSION & C ONCLUSIONS
In conclusion, this paper succinctly develops measures of
production and product degrees of freedom and utilizes them
to enumerate a product’s production paths. This rearticulation
utilizes matrix-based formulations that lead to significant computational savings. In the meanwhile, a strong link between
axiomatic design and graph theory is established. In so doing,
the paper roots itself in the established engineering design
literature while also allowing for useful results from graph
theory to be applied to production systems for the first time.
Finally, the strong resemblance of production degrees of freedom to their mechanical counterparts suggests further potential
for utility.
The usage of constraints matrices allows for any phenomenon that reduces the capabilities of a production system
e.g. resource breakdowns, inflexibly implemented production
processes and their control. The first of these can be used to
test a production system’s resilience in the face of disruption.
The latter suggests that a direct link can be made between
flexible production control systems (e.g. multi-agent systems)
and the impact on operating revenue.
The knowledge bases themselves can be used directly as
design decision variables, while the measures themselves can
be iteratively optimized. This is particularly the case when
assessing how well the production system’s capabilities are
utilized by the existing product line.
Finally, the study of sequence-dependent capabilities and
production paths facilitates the rationalization of resources as
a whole. Greater system resilience can be achieved with redundancy or with on-the-fly reconfiguration. Similarly, “non-value

adding” transportation resources (e.g. AGVs) can demonstrate
their necessary role in production paths.
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